
Contents

Preface page viii

1 A short introduction to limit order books 1

PART ONE EMPIRICAL PROPERTIES OF ORDER-DRIVEN
MARKETS 7

2 Statistical properties of limit order books: a survey 9
2.1 Introduction 9
2.2 Time of arrivals of orders 9
2.3 Volume of orders 11
2.4 Placement of orders 12
2.5 Cancellation of orders 13
2.6 Average shape of the order book 15
2.7 Intraday seasonality 16
2.8 Conclusion 20

3 The order book shape as a function of the average size of limit
orders 21
3.1 Introduction 21
3.2 Methodology 21
3.3 The regression model 23
3.4 conclusion 28

4 Empirical evidence of market making and market taking 29
4.1 Introduction 29
4.2 Re-introducing physical time 29
4.3 Distributions of durations 31

4.3.1 Empirical evidence of market making 31
4.3.2 A reciprocal effect ? 33

iii



iv Contents

4.4 Using the lagged correlation matrices 35
4.5 Conclusion 37

PART TWO MATHEMATICAL MODELLING OF LIMIT
ORDER BOOKS 39

5 Agent-based modelling of limit order books: a survey 41
5.1 Introduction 41
5.2 Early order-driven market modelling 43

5.2.1 A pioneer order book model 43
5.2.2 Microstructure of the double auction 44
5.2.3 Zero-intelligence 44

5.3 Order-driven market modelling in Econophysics 45
5.3.1 The order book as a reaction-diffusion model 45
5.3.2 Introducing market orders 47
5.3.3 The order book as a deposition-evaporation

process 50
5.4 Empirical zero-intelligence models 51
5.5 Some developments in zero-intelligence order book

modelling 54
5.6 Conclusion 56

6 The mathematical structure of zero-intelligence limit order
book models 57
6.1 Introduction 57

6.1.1 An elementary approximation: perfect market
making 57

6.2 Order book dynamics 59
6.2.1 Model setup: Poissonian arrivals, reference

frame and boundary conditions 59
6.2.2 Evolution of the order book 62
6.2.3 Infinitesimal generator 64
6.2.4 Price dynamics 65

6.3 Ergodicity and diffusive limit 66
6.3.1 Ergodicity of the order book 66
6.3.2 Large-scale limit of the price process 68
6.3.3 Interpreting the asymptotic volatility 71

6.4 The role of cancellations 72
6.5 Conclusions 73



Contents v

7 The order book as a queueing system 75
7.1 Introduction 75
7.2 A link between the flows of order and the shape of an

order book 76
7.2.1 The basic one-side queueing system 76
7.2.2 A continuous extension of the basic model 78

7.3 Comparison to existing results on the shape of the order
book 82
7.3.1 Numerically simulated shape in Smith et al.

(2003) 82
7.3.2 Empirical and analytical shape in Bouchaud

et al. (2002a) 82
7.4 A model with varying sizes of limit orders 86
7.5 Influence of the size of limit orders on the shape of the

order book 90
7.6 Conclusion 94

8 Advanced modelling of limit order books 95
8.1 Introduction 95
8.2 Towards non-trivial behaviours: modelling market

interactions 95
8.2.1 Herding behaviour 96
8.2.2 Fundamentalists and trend followers 97
8.2.3 Threshold behaviour 99
8.2.4 Enhancing zero-intelligence models 100

8.3 Limit order book driven by Hawkes processes 101
8.3.1 Hawkes processes 102
8.3.2 Model setup 103
8.3.3 The infinitesimal generator 103

8.4 Stability of the order book 105
8.5 Large scale limit of the price process 106
8.6 Conclusion 108

PART THREE SIMULATION OF LIMIT ORDER BOOKS
111

9 Numerical simulation of limit order books 113
9.1 Introduction 113
9.2 Zero-intelligence limit order book simulator 113

9.2.1 An algorithm for Poisson order flows 113



vi Contents

9.2.2 Parameter estimation 114
9.2.3 Performances of the simulation 116
9.2.4 Anomalous diffusion at short time scales 124
9.2.5 Results for CAC 40 stocks 128

9.3 Simulation of a limit order book modelled by Hawkes
processes 130
9.3.1 Simulation of the limit order book in a simple

Hawkes model 130
9.3.2 Algorithm for the simulation of a Hawkes

process 131
9.3.3 Parameter estimation 133
9.3.4 Performances of the simulation 133

9.4 Market making and taking viewed from a Hawkes-
process perspective 138

9.5 Conclusion 140

PART FOUR IMPERFECTION AND PREDICTABILITY
IN ORDER-DRIVEN MARKETS 143

10 Market imperfection and predictability 145
10.1 Introduction 145
10.2 Objectives, methodology and performances measures 146

10.2.1 Objectives 146
10.2.2 Methodology 147
10.2.3 Performance measures 148

10.3 Conditional probability matrices 148
10.3.1 Binary case 149
10.3.2 Four-class case 154

10.4 Linear regression 156
10.4.1 Ordinary least squares (OLS) 157
10.4.2 Ridge regression 158
10.4.3 Least Absolute Shrinkage and Selection Oper-

ator (LASSO) 162
10.4.4 ELASTIC NET (EN) 166

10.5 Conclusion 168

Appendix A A catalogue of order types on financial markets 169

Appendix B Limit order book data 171

Appendix C Some useful mathematical notions 176



Contents vii

Appendix D Comparison of various prediction methods 186

Bibliography 202


